Abstract. We give an equation in any free group F of rank ≥ 2 that has a solution in any finite quotient of F , but has no solution in F .
Introduction and results
For all this paper we fix a non-commutative free group F . An equation is an identity of the form w(x 1 , . . . , x n , a 1 , . . . , a m ) = 1 where x 1 , . . . , x n are variables, a 1 , . . . , a m free generators of F and w a word in the free group on x 1 , . . . , x n , a 1 , . . . , a m . A solution to this equation is a tuple g 1 , . . . , g n ∈ F such that w(g 1 , . . . , g n , a 1 , . . . , a m ) = 1. In 1983 G. S. Makanin [4] described an algorithm to solve equations in free groups. G. Sabbagh asked the following question: does an equation in F have a solution if and only if it has a solution in any finite quotient of F ? Baumslag [1] proved that for an equation of the form x −1 ux = v or x p = u (u, v ∈ F , x a variable, p a prime) the answer is yes. Recently the second author [3] proved that an equation of the form x n = u or [x, y] = v (where x, y are variables, n an integer, [x, y] = x −1 y −1 xy and u, v are elements of F ) has a solution in F if and only if it has a solution in each finite quotient. We will say that these equations are finitely approximable. A positive answer to the question of G. Sabbagh would have yielded an alternative proof of Makanin's result.
Then, the second author proved, using some model theory, that there exists a finite system of equations that is not finitely approximable, and the first author, using the idea of the proof, gave the following equation that is not finitely approximable in F :
where a, b are distinct members of a set of free generators of F and x, y, z, t are variables. We will give below a straightforward, purely algebraic proof of this fact, and we will leave it to the reader to similarly deal with the equation [x p a, y −1 z p by] = t q where p and q are two distinct primes.
Proof
We first prove that (I) has a solution in any finite quotient of F . Let G = F/N be a finite quotient of F . As any element of G is of finite order, there exist two 964 THIERRY COULBOIS AND ANATOLE KHELIF integers α and β such that a 2α+1 and b 2β+1 are elements of order a power of 2. By Sylow's theorem there exists an element y ∈ G, such a 2α+1 and y −1 b 2β+1 y generate a 2-subgroup of G. Now the commutator of these two elements is itself in this 2-subgroup and is therefore a cube. Setting x = a α and z = b β we conclude that (I) has a solution in G.
Now we prove that (I) has no solution in F . By a result of Schützenberger [6] , a commutator is a proper power in a free group if and only if it is trivial. Therefore if (I) has a solution in F , then so does Then an easy calculation shows that for any x, y, z ∈ F one has
This proves that equations (II) and (I) have no solution in F .
Further remarks
We would like to conclude with stressing the fact, presumably familiar to the experts, that the finite approximability of equations in free groups is linked to an outstanding problem. We have in mind the following conjecture : Conjecture 1. In every (topologically) finitely generated profinite group, every subgroup of finite index is open. B. Hartley [2] proved this conjecture for finitely generated pro-(finite and N l ) groups, where N is the class of nilpotent groups. It is linked with the finite approximability of equations via the following conjecture and proposition : Conjecture 2. For every integers k, n there exists f (n, k) such that in any finite group on less than k generators any product of n-th power is a product of f (n, k) n-th powers.
It is well known that in a non-Abelian free group the number of n-th powers necessary in such a product is not bounded. This conjecture is equivalent to the existence of s such that all the equations of the form x 1 n · · · x s n = u, where u is a product of strictly more than s n-th powers in a free group on k generators, are not finitely approximable. C. Martinez [5] proved that such a bound f (n, k) exists for nilpotent groups.
Proposition. Conjecture 1 is a consequence of Conjecture 2.
Proof. Assume Conjecture 2, and let G be a profinite group on k generators. Let H be a subgroup of G of finite index. H contains a normal subgroup N of G of finite index . Let n be the index of N in G. Let G n be the subgroup of G generated by the set G n of n-th powers in G. G n is a subgroup of H. By Conjecture 2
, G n is compact and therefore G n is a closed subgroup of G. G/ G n is a profinite group of bounded exponent and (topologically) finitely generated. By the positive solution of the restricted Burnside problem [7] , it is a finite group and thus G n is an open subgroup of G. We proved that H is open in G.
For n = 2, 3, 4, if every subgroup of index n of a profinite group on k generators is open, then f (n, k) exists. Indeed let G be a free profinite group on k generators. Any group of exponent n is residually finite, and thus G n is closed in G. Using Lemma 1 of [2] we conclude that f (n, k) exists.
